
UNCLASSIFIED

AD 26 8 4 35

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTON 12, VIRGINIA

UNCLA SSIFIED



NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



ro

WINN a T.&A.M. REPORT NO. 1 88

ANALYSIS OF MISSILE LAUNCHERS
Part J Phase 1

(Four-Degree-of-Freedom Multiple Launcher)

by
XS. K. Lee

cE. V. Wilms

0Sponsored by

Department of the Army
Rock Island Arsenal

DA-11-070-508-ORD-593

ORD. PROJ. NO. 517-01-002
CMS CODE 55-30. 11.577

DEPARTMENT OF THEORETICAL AND APPLIED MECHANICS

UNIVERSITY OF ILLINOIS



Technical Report No. 188
on a researph project entitled
Dynamics of Missile Launchers
Proj. Supervisor: M. Stippes

ANALYSIS OF MISSILE LAUNCHERS

Part J Phase I

(Four-Degree-of-Freedom Multiple Launcher)

by

S.K. Lee
and

E. V. Wilms

A Research Project of the

Department of Theoretical and Applied Mechanics

University of Illinois

Sponsored by

Department of the Army
Rock Island Arsenal

DA- 11-070-508-ORD- 593
ORD. Proj. No. 517-01-002

CMS CODE 55-30. 11. 577

University of Illinois
Urbana, Illinois
April, 1961



This is the Jh part of the first phase report on University of Illinois

Project No. 46-22-60-304, "Launcher Dynamics Study". The analysis was

performed under contract No. DA-11-070-508-ORD-593. This particular report

is an investigation of a four-degree of freedom multiple launcher including

blast force effects.

The program is under the technical supervision of Rock Island Arsenal

(RIA), Rock Island, Illinois, and the administrative supervision of Chicago

Ordnance District.

Respectfully submitted
University of Illinois

M. Stippes, Project Supervisor
Department of Theoretical and

Applied Mechanics



LAUNCHER DYNAMICS STUDY

Part J Phase I

Four-Degree-of-F reedom Multiple Launcher

ABSTRACT:

This report contains an analysis of a four degree of freedom model

multiple launching system. The launcher pivots about a point and the motion

is resisted by torsional springs. All of the missiles are parallel to one another

in the launcher and are to be fired one by one in..a pre-arranged order. The

equations of motion of the system including the effects of blast are then established.

In the second part, the effect of the blast force of the missile on the launcher

face is considered.



TABLE OF ONTENTS

List of Symbols

Chapter Page

I Introduction I

II Mathematical Description of the Problem 3

I. Coordinate System 3

2. Generalized Coordinates 3

3. Transformation of Coordinates 4

4. Position and Velocity Relations 5

5. Kinetic and Potential Energy of the System 8

6. Equations of Motion 10

7. Free Motion of the Launcher 13

III Computation of the Blast Force 16



List of Symbols

(A, B, 0 reference system fixed to the earth

(X, Y, Z) coordinates fixed in space whose Euler angles relative to

(A,B, ) are (/e' a' o)

(x, y, z) coordinates fixed to the box at the pivot point 0

(X m Ym Zm ) coor dinates fixed to the mass center of the moving missile.

distance from mass center of the moving missile to xz-plane

Ye angleof elevation

Ya traverse angle of the launcher

( 0i, 02 , 83) rotation of (x, y, z) relative to (X, Y, Z)

(o, Yb' Zb) coordinates of 0 B the mass center of the launcher, in (x, y, z,)

(xm , T, zm ) coordinates of 0
M , mass center of the moving missile, in (x, y, z)

(xil TIo' zi) coordinates of 01 , mass center of the unfired missile in (x, y, z)

Mb) Mm mass of the box and the missile respectively

Mm Mmass of the unfired missile Mm = M'm in numerical value

Ill, 112, etc. mass moments of inertia of the launcher with respect to (x, y, z)

Jl 1 ' J2' etc. mass moments of inertia of the firing missile with respect to

(Xm, Ym' Zm )

J'1 1 ' J'I 2, etc. mass moments of inertia of the unfired missile in the launcher

with respect to (x' m y ml Z'm)

Wb , Wm weight of the box and the missile respectively

W m weight of the unfired missile Wm = W'm in numerical value

i the reverse of the order of firingi. e. the number of missiles

left in the launcher

F (t) thrust force of the missile

dissipation function



T blast force on the launcher

ll, 012' etc. torsional spring constants

SI I' -I 2' etc. damping coefficients

(XT' 'b' ZT) point of application of the blast force in (x, y, z). 1 b is the

constant thickness of the launcher along y-axis. XT , ZT

change with time when the missile leaves the launcher
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Chapter 1

INTRODUCTION

This launching system differs from the others because it contains a number

of missiles which can be fired successively in a launcher o! box type. Referring

to Fig. 1, we notice that the launcher is fixed at 0 where motion is resisted by

torsional springs and dash pots. The launching tubes are parallel and are open

at both ends. We also assume that there is no interference between exhaust cones

of successive firings. In other words, at each time we consider the effect of

one missile only.

The following information can be obtained from this report:

(1) Equations of motion of the system before and after the missile leaves

the launcher.

(2) The linear displacement, velocity and acceleration of the mass center

of the missile at end of guidance.

(3) The displacements (angular) of the launcher.

(4) An expression for computing the magnitude and point of application of

the blast force acting on a part of a ring section.



i2.

z

93-

FIG. I



3.
Chapter II

MATHEMATICAL DESCRIPTION OF THE PROBLEM

1. Coordinate System:

(A, B, C) A fixed reference system on the earth

(X, Y, Z) Another fixed reference system on the earth. Y is parallel

to the initial direction of the launcher tubes. This set

of axes is obtained by rotating (A, B, C) through a traverse

angle -ya about the-C-axis, followed by a rotation of ye

about the X-axis (the new position of the A-axis after the

rotation ya )

(x, y, z) This set of axes is fixed in the launcher at 0 and moves with

it. The set is coincident with (X, Y, Z) initially.

(xm, Ym, Zm) A set of axes fixed at the mass center of the missile which

is being fired. These axes move with the missile.

(x'ml Y'm' Z'm) Set of axes fixed at the mass center of an arbitrary unfired

missile. These axes are always parallel to (x, y, z)

ti Since the missile always moves parallel to the tube, one

coordinate is enough to describe completely its motion

relative to the launcher. n is measured from the mass

center of the missile to the xz-plane.

2. Generalized Coordinates

This system has four degrees of freedom.

The orientation of the launcher may be described by three successive rotations

e 2 3 as shown in Fig. I. The position of a moving missile with respect to the
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launcher is expressed by qi . Thus the generalized coordinates are 0 I , O2 , e3, 2.

3. Transformation of Coordinates

Following the same line of reasoning in TAM Report 139, p. 16, we obtain

the transformation matrices

E = y (la)

Ey [ T] [y (2a)

where

S 112 41 m 2 (lb)

0 m2  12

m, sin ya I = cOs Ya

m 2 = sinye f2 = cos Ye

IT] 1- ~2 (2b)e2292

1 2 -
3 1 2e + eI e e -" -e - -

2  02

2 13 1 2 3  -

and

Is](T] a a 1 13 (3)
a21 222 223

P~a31 a32 a3



where

e2 2

e2 e2a~12 = -2l3 - mE) 2 ( 3
- - (-) + m1 ra2 (e + e2e3 )

212 1 e20 ml2e 
+  mim m2 ( 0 1 + e 2 E)3

02 e2

- .- _ ) + 2 2( 63 + el 2 )- 21 m2 (- 2 + 6163 )
213 = - 1  2. 1 . 2 (1 + -m 2 ( I +ee

22 02a2 -m, 3r ~~2 1 2 3 2 1m2 ( 1  2 62) 3

e 1 e2
2 23 = m i 2  - 2 -1 2 1 2 3

a31 = m 2 (63 + e1e2 + 2 (-e2 + 6163)

a32 m2 2

32 - " - )  2 (e1 + 6263)

~2 62

33 =-m 2 e+ 2 (l -- "T )

4. Position and Velocity Relations

OB : mass center of the launcher

From Eqs. (la), (2a), we obtain "B in(A, B, C)as

E = [S] [TI
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Then 02 02

Cb=Yb 2 el 07 )]

02 
2

+zb [-m 2 ' 1 + '2( --- 2-): I

OM: mass center of the firing missile

Following the same procedure and taking the velocity components in

(X, Y, Z) we obtain

LVmzJ xm Vmy 11 IT](5a)KVmr4z 1 rTJ -0
Vx =x m (0202 + E3) - n 03 + Zme -
V x M 2 2 +

e2 82
V m x (8 + E+( " "e)

my m 3 + 2'+ .1 (0 10 1 .33) Zmd1 + 7
(5b)

V Xm ( 2 + 1 0 + 3 1 3)+( +23+ 23 ) - Zm (01+ 6202)

+(I+ 23 0 )

Cm =Xm Im2 (03 + 0102) + '2 ('02+ 6163)1

02 02

+ 1  2 -I - 3 ) +2 ( 1 + 823)

22 2
(-2) (6)
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0 = mass center of an arbitrary unfired missile.

We assume here that i is the reverse of the order of firing. i lies

between I and k . The (k + 1)st missile is the one being fired. For every given

i , we can locate the missile by the use of (x i , 7o, zi ). Note here io is the same

for all unfired missiles.V ix x il
Ciy [T] [] (7a)

ix _ 22 33 o, 3 " 2

V.x =-x i( + ±1e3 )~ 8 + 8z-i  (b

Viy = i 13 +  2 1§2+ )  11 (0l + e3e3 Ziil (7b)

iz =xi (- 2 
+ 6 1 3 +  163) + "o (61 + 6203 + '263 )- zi (91e1 + (262

ci x. [m2 ('3 + e1e 2 ) + '2 (-E2 + 8183)]

2 82

o [m2 (7- -y 2 1 2 (

92 2i I-m20 + ,2
i ranges from I to k

F (t): thrust force

We assume here that the thrust .force acts on OM and along the longitudinal

axis of the missile
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From

Ym -- 4
ET  ] (9a)

we obtain 02  02

m 2 m 2

e2 2zm = (-e2 +e1 e 2 e
m Xm. + E82 + 1 3 )+Vn() 1 + e2 3 ) + zm -- --- )

The components of F are

Fx = -F e3

Fy = F (10)

Fz = F 1

5. Kinetic and Potential Energy of the System

Kinetic Energy:

T = Tb + 2 T'm + Tm (1)

where Tb, Tm , I T'm denote the kinetic energy of the launcher, of the

firing missile and of the unfired missiles respectively.

Tb = I (111 21 +1222 
+ 133 62 - 21236263 (Ila)

22133 3 232 3

112, I13 vanish because of the symmetry of the launcher

T = [M (V2  V2  +V 2  + 62 + 1 2 2
=2 ( mx my mz 111 22 2 + J333



J12 =J13 - J23= 0 due to symmetry of the missile

T'm [M'm (Vx+V 2 + v 2 )+ + 6 2 j' 2 +"2 (1 1 c)ix ly iz 1I 22 2 J'33 3

Potential Energy

V = Vb + :V'm + V +V s  (12)

where Vby Vm , 2 V' m , Vs denote the potential energy of the launcher, of

the firing missile, of the unfired missiles, and of the spring, respectively.

Vb =W b b e2  e2

=Wb kYb [m 2 (1 2 - T 2 (e 1 + e203 )]

02 02

+ -b I I + 1 1 - ) (12a)

V =W Cm m 'm

- m X[im2 (e3 + 012)+ 2 (-02 + E103 )]

02 e2
.Im 2 (1 --- ' +22 (01 +823)]

2 e2

+ Zm -m 2 ('I 2 (+1 -e (12b)
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k

Vtm , i.m I
-- W'm " xi [m2 (03 + el02) + 12 (-)2 + e103

2 2

+ zi [-m2 'I + 121 12--7 _ -- )]

2 2

+ WOm k9 -[m 2 (1 -4 3 + e3 (12c)' -T 2-F )  2 (el 2 e23

1 2 2 2

Vs = 2 (116eI + P 22 02 + P3303 +2P12 1602

+ 2 213 163 +223 623 ) (1 2d)

Dissipation due to dash pots

_ 1 1 -2+c -222 3+ c33 6 -+ 2c12 6162

+ 2c13 6163 + 2 c 23 6(263) 13)

6. Equations of Motion

If 6i (i = 1, 2, 3, 4 ) denotes the generalized coordinates (el, 02 0 3 , 'i)

Lagrange's equations of motion are :

d[ T -T +FT C9 Fa xm-a-Ym

x y

aZ
+ F z m

1 
14

The above equation yields four differential equations. Three of these may be

written inifllctal forn as folloWs:.:

a ii j +b ij +c i6 +d i =0 (15)

(i, j = 1, 2, 3)



.ii

where

a 1 1 =1I+M (Z2 + 1
2 ) + M ,  k 2i  2 

2m (z. +i) kJ

a1 2 =-Mx I - M, k
rn rn i=1

a1 3 =-M x z - M.
m m m m x. z.

.1

a 2 1 =-M x M' x.
i 1

a M( X2 )+ M 222 +22 m 22 m J'22

a2 3 =-I 2 3 - M z kM'3 m m m Zi 0

a3 1 -M m x z m M'm .
t I Ia MX.Z.,-M, 1 : Z

a 3 2 -12 3 - M z 'i-M' z.
3 33 m m 3 m + ja3 3 =1 3 3 +M(1+xm)+J3+M, ( 2 ±2

m 0 xi ) ' k J 33

b 1 2 Mm +c 1l

b1 2 =-E12

b13 = c13

b21 = -2M m xm c12

b2 2 = c 2 2

b23=-2M m z  +c13

b31 = c13
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b3 2 -S23

b 3 2 M TI + c 3 3

c-W r m +Z )W

wt kil m2+0 11

CI2M xm 4j+W X +W x -Fx

C1 3 WmXm 2 + W i 2P

c 2 1 W> [cm 2 + W'm 2 : xi + 01 2

c22 =~b Zb 2 - WZm2 W'm zi1 2

C2 wb 2 +Wm12 2 +Wm k~ T z mj+Fz
23 b Yb m 2 m o 2+P23-MmmT

c 3 1 =W mx m 2 + W, m 2xi 2 +f13

c 3 3 = WbYb m2 W m 2 T-W' k1 T 0 m2 + 33

I =M M zj+b(yb f 2 - zb M 2 ) +Wm (1 2 -r m 2 ) ~Wm zi in 2

+ Wm kn 1 2 +F z

d 2-Wm mf2 Wm 2

d 3 M x r+ W mXm m 2+W xim 2 - F x

The fcurth equation is

mimeI+ m xm 93 +Wm 2 1 +n M in+W 2 -F=0 (1-6)



13.

7. Free Motion of the Launcher

After the missile leaves the launcher, the latter will assume free motion.

Eq. (16) becomes trivial and vanishes identically. The rrquired equations of motion

can be obtained by putting

11 = 10 1 Mm = 0, Wm = 0, J1 1 = J1 2  . . . = 0

x =XT, Z =Z F = -T

The last term, F = -T, is due to the exhaust of the missile leaving the launcher.

Also note XTo ZT are quite different from xm, zm

The equations are

a'.. e. +b'.. . +c'.. . +d'. =0 (17)

i, j = 1, 2, 3

where

a'1 1  I11 + M' (z2 + 112 + kJ'1--M i 11

a =-M' IO X

1 2  m'1 o x.

13 m x1z.

a 3= -M' Mo t x.a'm1 m i

a' 2 2 M 2 2 +M' , (x 2 +z 2 )+kJ' 2 2
22 22'2

23 -I 2 3 M'

k
31 =-M' 1 xiz
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-- - M ,

a32 -23 m z1 zI

a' 33  -- 33 +M' (0 +xJ'33

bo 1l '1b' =

12 -212

b' 13  £ 13

b'21 -c12

b'22 - 22

b' 23  _23

b' 31 £ 13

b _32 c23

b 33 -S33

c'l = Wb (Yb m 2 + Zb 2 W Z W k11 by'+b2 m i12 m k o m2 +  1

c' 1 2  xi m 2 + p2 + T XT

c' 1 3  W m / xi 12 + 13

C' 2 1 = W'mm 2 ;9i + p12

c22 = -Wb Zb 2 - W' k
2  Wbb 2  m z2 2 2

cl 23 = Wb Yb 2 + W 'm k i o f 2 + l 2 3 "- T ZT



Cl 3 1  we' i x.2 + 13

l32= W b 22 +W W' k tj 0 12 + p 23

Cl 3 3 = W bybm 2 -Wt k t m 2 + p 33

dt= x zm W

d ' 3 l .xi m 2 +T XT
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Chapter III

COMPUTATION OF THE BLAST FORCE

To calculate the blast force acting on the launcher due to the exhaust field

of the rocket, we use an approximate value for the stagnation pressure the

coordinates of which are fixed in the rocket. This force will be incorrect due to

the velocity of the rocket; however, since we are also neglecting interaction

between the exhaust jet and the launcher, we will consider it sufficiently accurate

to adopt this point of view. The calculation is based on the method outlined in the

following reference:

"Method of Determining Stagnation Temperature-Pressure Distribution in

Exhaust Field of Rocket Using Underexpanded Convergent-Divergent

Nozzle" , Report Number 58-875 of Rock Island Arsenal Research &

Development Division Design Engineering Brapch.

The following notation will be used in this section:

S the distance measured from the nozzle exit of the missile along

its axis of symmetry

r the distance from a point to the axis of symmetry of the missile

P (S, r) total gage pressure at point (S, r )

P total gage pressure at the axis of symmetrym

P pressure at the nozzle exite

_ M2 t 1
P M +[ M Iae c + L 1 M2 a

P rocket motor chamber pressure
c

vratio of specific heats
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M Mach number of gas flow at exit of nozzle. May be computed from:

A t 1

e = 2 + (-I

A area of nozzle at throatt

A area of nozzle at exite
Pa atmospheric pressure

S forS<S O, P --P0 0 m e

d diameter of nozzle exit
e

re radius of nozzle exit

r +1 -k 2
a 2 1 " I i6 (M-)del

k 2 = - (1.4+ O. 437 M)

k3 = de (S/d e ) I

(S/de) I is given by Fig. 2

r° 0the reference point where the pressure falls to 1/4 of

its value on the axis. r ° is given by

r r S/d e

r[S/d e  1.16 S/de
r° e - /d er ] if (S/d e

xs , z s  rectangular coordinates in the plane (surface of the launcher) normal

to S at the center of the hole parallel to the z-axis

R0, Ri  outer and inner radius of a given ring section about the center of

the hole
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0r *2 angles measured with respect to xs ; they are the circumferential

locations of the ring section

T. the blast force on the above ring section

Re effective radius of a ring section

Mx I Mz  moments about xs , zs , respectively, of the ring section

Erf (x) error function = 2 e x d X
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The pressure at any point (S, r) is given by

P (S, r) -a e (18)

There are four cases for the above expression with different a, b

So <s <so , S-o 
k3

a=P e

2 1.15)2

e

ii <, S- >
0 k 3

a=P
e

b2 1.15 2 2.32 -2.32--=--- (k3 ) (S)
e

iii S >S o, k3  <

a = k S
k 2

2 1 .5 2
b = r e

iv S S S
3

a = ki S 2

2 1.15 ) 2 ( 2. 32 )-2. 32
b2  ( r~ (k3  (S

Using Eq. (18) we obtain

qz R. R.

Ti= / PdA - J p rdrd., ) ' R,
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or 22 2 2
-bR. -bR o

Ti-- ( 2 " 1 )(e 1- e 0 (19)

or-2R2 -(R ReR.d

= Erf (bR 0 )- Erf (b R) (R oe 0 R e j
Re - 2R2 b2R2

-bR 0  (20)
e -e

dM = -R cos @ Prdrd @ 2-
z e 2 Tr

=-Re Cos p 21rrdr

T.R
Mz -i e (sin 02 -sin 1 ) (21)

Similarly
T.R

Mx= 02 -'I (cos @2 cos@1 ) (22)

From Eqs. (19), (21), (22), with all the required data, we can find the

magnitude and point of application of the force acting on any given part of a ring section

at a given time. Eqs. (15), (16), should yield the accelerations and velocities of the

launcher and missile as the missile is on the point of leaving the launcher. S may be

expressed as a function of time, i. e. S = S (t) . This -must be obtained from the

rocket motion after firing.
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At a given time t , the effective area on the launcher face covered

by the exhaust cone (use r = r0 for its computation) is known. We divide this

area into a number of suitably chosen ring sections with respect to the center

of the hole for the particular rocket. The magnitude and point of application of

the blast force on each ring section are computed; then we can find the magnitude

and location of the resultant force, This will give T and XT' ZT in Eq. (17).

Note that in the calculation of the effective areas, the effect due to

holes on the launcher face is neglected.
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